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We study a finite spin-12 Ising chain with a spatially alternating transverse field
of period 2. By means of a Jordan-Wigner transformation for even and odd sites,
we are able to map it into a one-dimensional model of free fermions. We determine
the ground-state energies in the positive- and negative-parity subspaces (subspaces
with an even or odd total number of down spins, respectively) and compare them
in order to establish the ground-state energy for the entire Hamiltonian. We derive
closed-form expressions for this energy gap between the different parity subspaces
and analyze its behavior and dependence on the system size in the various regimes
of the applied field. Finally, we suggest an expression for the correlation length of
such a model that is consistent with the various values found in the literature for its
behavior in the vicinity of critical points.
I. INTRODUCTION
The spin-12 quantum Ising model in a transverse field is an archetypal model for the
theory of quantum phase transitions and magnetism [1]. It can be realized experimentally
in the ferromagnet CoNb2O6 [2] and also in trapped cold atoms [3]. It is commonly used as
a test model in numerical techniques [4, 5] and to elucidate or test new concepts, such as
decoherence in open quantum systems [6], the role of entanglement in phase transitions [7],
and in quantum thermodynamics definitions of work [8, 9]. A standard description of its
diagonalization procedure, ground- and excited-state determination, and derivation of its free
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2energy and other thermodynamic properties may be found in [1, 10–12]. A thorough discussion
about the diagonalization and the ground-state determination in a finite Ising model is given
in Ref. [13]. There the authors show that, after a Jordan-Wigner transformation, the model’s
Hamiltonian may be broken into and diagonalized in independent subspaces of positive and
negative parity - i.e., subspaces with even or odd numbers of quasiparticles, respectively. A
closed-form expression for the gap between the positive- and negative-parity ground-states is
also given and its asymptotic behavior analyzed.
An interesting modification of the Ising model was considered in Ref. [14], where a
regular alternation of the type g − (−1)jδg, where j is a spin site, was introduced in the
transverse field and its ground-state and low-temperature properties are discussed for an
infinite system. They showed that for different values of the transverse field modulation, such
a model presents a varied number of and positions for the quantum phase transition points.
The critical exponents of the several quantum phase transition points were studied in more
detail in Ref. [15]. There, the authors pointed out that although most of the critical points
remain in the square lattice Ising model universality class - with exponents β = 0.125, ν = 1,
η = 0.25, α = 0 and νz = 1, one of them is characterized by a distinct set of exponents -
namely β = 0.25, ν = 2, η = 0.25, α = −2 and νz = 2. In addition, they present the behavior
of the inverse correlation length in the vicinity of some critical points.
The effects of this regular alternation in the transverse field were also studied in
the XY model. A detailed discussion about its diagonalization, eigenvalue spectrum, and
thermodynamic properties was given in [16]. In [17], a quenching in the anisotropy parameter
along a critical surface was considered in a study of the dynamics of the one-dimensional XY
model in the presence of this period-2 transverse field. In [18] this model was considered in
the analysis of static and dynamical characteristics of nearest-neighbor entanglement, while
in [19] the same authors studied the model’s entanglement emergence with temperature
increase.
In this work we consider a spin-1/2 quantum Ising model in a transverse field with
period-2 alternation and a finite number of spins N . Its Hamiltonian may be written as
Hˆ = −12
N∑
j=1
(
σxj σ
x
j+1 +
(
g − (−1)jδg
)
σzj
)
, (1)
where σaj , for a = x, y, z, are the Pauli spin operators of site j, subjected to periodic boundary
conditions: σaN+1 = σa1 . We take N/4 ∈ N for simplicity. As stated in Ref. [14], this model
3has critical points at |g2 − δ2g | = 1 and exhibits a paramagnetic phase for |g2 − δ2g | > 1 and a
so-called Ising phase for |g2 − δ2g | < 1. The results found in the present work are depicted in
Fig. 1.
FIG. 1. Diagrams summarizing our results. The transition phase lines are represented by the red
hyperbolas in both charts. Shown on the left is the gap behavior in the various regions of the
parameter |g2 − δ2g |. Along these hyperbolas, the gap closes as ∆ = O(1/N) for large N . External
to them are the paramagnetic phase regions, where the gap never closes. Internal to the hyperbolas
we have the Ising phase region, where the gap closes as ∆ = O(exp(−N/ξ)/√N), when N  ξ,
except along the blue dashed lines, where g2 = δ2g and the ground state is exactly degenerate. On
the right we give the general expression for the correlation of the model and present the ν and z
critical exponents calculated in [15]. Along the hyperbolas these coefficients are given by ν = νz = 1,
except on the blue dots, where δ2g = 1 and the system is characterized by a distinct set of exponents,
with ν = νz = 2.
The gap behavior may be divided into four regions. For g2 = δ2g , the transverse field is
zero for all even or all odd sites and the gap vanishes ∆ = 0. Along the phase transition lines,
where |g2−δ2g | = 1, the gap is bounded by functions of the inverse of the system size and closes
as ∆ = O(1/N) for large N . For |g2 − δ2g | > 1, corresponding to the paramagnetic region,
the gap satisfies ∆ >
√
G2 −√1 + f 2, where G2 = max{g2, δ2g} and f 2 = min{g2, δ2g}, and
never closes. Finally, in the Ising phase region, for |g2− δ2g | < 1, we have that ∆ ∼ |g2− δ2g |
N
2
and the gap vanishes exponentially as N increases. We also suggest a general expression for
4the correlation length of the model ξ ∼ 1/| ln |g2− δ2g ||, which is consistent with the numerical
results given in [15] for δg = 1 and g → 0,
√
2.
In what follows we diagonalize the Hamiltonian (1), determine its ground state, and
obtain an expression for the energy gap between the different parity subspaces. Then we
analyze its behavior in the various regimes of the field g and system size N . In analogy with
Ref. [13], we also suggest a general expression for the correlation length of the model that is
consistent with the results obtained in Ref. [15] for its behavior in the vicinity of the critical
points considered there.
II. DIAGONALIZING THE HAMILTONIAN
In order to diagonalize the Hamiltonian (1), we initially perform the Jordan-Wigner
transformation [1, 11, 20]
σ+2j+1 = aˆ
†
2j+1 exp
[
ıpi
j∑
l=1
bˆ†2lbˆ2l + ıpi
j−1∑
l=0
aˆ†2l+1aˆ2l+1
]
,
σ+2j = bˆ
†
2j exp
[
ıpi
j−1∑
l=1
bˆ†2lbˆ2l + ıpi
j∑
l=1
aˆ†2l−1aˆ2l−1
]
,
(2)
where σ± = (σx ± ıσy)/2, aˆj and bˆj are fermionic operators satisfying the canonical anti-
commutation relations {aˆi, aˆ†j} = {bˆi, bˆ†j} = δij, and all others anticommutators vanish. This
distinction among fermionic operators for even and odd sites is made to address the periodic
alternation in the transverse field.
Hence, we get
σz2j = bˆ
†
2j bˆ2j − bˆ2j bˆ†2j, σz2j−1 = aˆ†2j−1aˆ2j−1 − aˆ2j−1aˆ†2j−1,
σx2j−1σ
x
2j = (aˆ
†
2j−1 − aˆ2j−1)(bˆ†2j + bˆ2j), σx2jσx2j+1 = (bˆ†2j − bˆ2j)(aˆ†2j+1 + aˆ2j+1),
σxNσ
x
N+1 = −(bˆ†N − bˆN)(aˆ†1 + aˆ1)Pˆ ,
(3)
where the parity operator [13]
Pˆ =
N/2∏
l=1
[(
1− 2aˆ†2l−1aˆ2l−1
)(
1− 2bˆ†2lbˆ2l
)]
=
N/2∏
l=1
(
σz2l−1σ
z
2l
)
, (4)
has eigenvalue +1 for states with an even number of down spins (or total number of fermions)
and eigenvalue −1 for states with an odd number of down spins (or total number of fermions).
5From these definitions, we note that a state with a fermion occupying the mode j corresponds
to a state with a z-component up spin at site j.
Thence, after some work, the Hamiltonian may be rewritten as
Hˆ = −12
{N/2−1∑
j=1
[
(aˆ†2j−1 − aˆ2j−1)(bˆ†2j + bˆ2j) + (bˆ†2j − bˆ2j)(aˆ†2j+1 + aˆ2j+1)
]
+ (aˆ†N−1 − aˆN−1)(bˆ†N + bˆN)− (bˆ†N − bˆN)(aˆ†1 + aˆ1)Pˆ
+
N/2∑
j=1
[(
g + δg
)(
aˆ†2j−1aˆ2j−1 − aˆ2j−1aˆ†2j−1
)
+
(
g − δg
)(
bˆ†2j bˆ2j − bˆ2j bˆ†2j
)]}
.
Let us define Pˆ± = 12
(
1 ± Pˆ
)
. The operators Pˆ+ and Pˆ− are projectors onto the
subspaces of positive (eigenvalue +1) and negative (eigenvalue −1) parity, respectively. Since
Pˆ and Hˆ commute, they have simultaneous eigenstates and the latter may be diagonalized
independently in each parity subspace. Therefore, we get Hˆ = Hˆ+Pˆ+ + Hˆ−Pˆ−, where
Hˆ± = −12
N/2∑
j=1
{[
(aˆ†2j−1 − aˆ2j−1)(bˆ†2j + bˆ2j) + (bˆ†2j − bˆ2j)(aˆ†2j+1 + aˆ2j+1)
]
+
(
g + δg
)(
aˆ†2j−1aˆ2j−1 − aˆ2j−1aˆ†2j−1
)
+
(
g − δg
)(
bˆ†2j bˆ2j − bˆ2j bˆ†2j
)}
,
(5)
with aˆN+1 = −aˆ1 for Hˆ+ and aˆN+1 = aˆ1 for Hˆ−.
A. Positive parity subspace and even N/2:
For the positive parity subspace and even N/2, we introduce the Fourier transformation
aˆ2j−1 =
1√
N
∑
k
(aˆk + bˆk)eık(2j−1), bˆ2j =
1√
N
∑
k
(aˆk − bˆk)eık(2j),
k = ± pi
N
,±3pi
N
,±5pi
N
, . . . ,±
(
pi
2 −
pi
N
)
,
(6)
such that aˆN+1 = −aˆ1, with aˆk and bˆk fermionic operators. From this transformation, we
observe that
N/2∑
j=1
(
aˆ†2j−1aˆ2j−1 + bˆ
†
2j bˆ2j
)
=
∑
k
(
aˆ†kaˆk + bˆ
†
kbˆk
)
, (7)
which means that this transformation preserves the total number of particles and parity.
6After some manipulations, we may write the positive-parity Hamiltonian as
Hˆ+(even N/2) =
∑
0<k<pi/2
Aˆ†kHˆkAˆk, (8)
where
Aˆk =

aˆ†k
aˆ−k
bˆ−k
bˆ†k

, Hˆk =

g + cos k −ı sin k 0 δg
ı sin k −(g + cos k) −δg 0
0 −δg −(g − cos k) −ı sin k
δg 0 ı sin k (g − cos k)

. (9)
Thereof, we can obtain the spectrum of Hˆ+(even N/2) by diagonalizing the matrix Hˆk.
It has eigenvalues ±±k , and Hˆ+(even N/2) may be expressed in the form [16, 17, 21]
Hˆ+(even N/2) =
∑
−pi/2<k<pi/2
∑
ν=±
νk
(
γˆ†k,ν γˆk,ν − 1/2
)
,
±k =
√
1 + g2 + δ2g ± 2
√
g2δ2g + g2 cos2 k + δ2g sin2 k,
(10)
where γˆ†k,ν is the fermionic quasiparticle creation operator associated with the mode (k, ν),
with ν = +,−. Accordingly, the ground state of Hˆ+(even N/2) is given by the vacuum state
of {γˆk,ν}. It can be checked that this state may be expressed in the form |Ψ〉ground = ∏k>0 |0〉k,
with
|0〉k =
(
αk1 + αk2 bˆ
†
kbˆ
†
−k + αk3 aˆ
†
kaˆ
†
−k + αk4 aˆ
†
kbˆ
†
−k + αk5 aˆ
†
−kbˆ
†
k + αk6 aˆ
†
kaˆ
†
−kbˆ
†
kbˆ
†
−k
)
|vac〉, (11)
where |vac〉 is the state annihilated by all aˆk and bˆk operators. The complex coefficients αki
are determined in the diagonalization of Hˆk and
∑
i |αki | = 1. The state (11) contains an even
number of particles and belongs to the positive-parity subspace. This ground-state energy is
given by
+(even N/2) = −12
∑
−pi/2<k<pi/2
(
+k + −k
)
. (12)
B. Negative parity subspace and even N/2:
For the negative parity subspace (with even N/2), we introduce the Fourier transforma-
tion
aˆ2j−1 =
1√
N
∑
k
(aˆk + bˆk)eık(2j−1), bˆ2j =
1√
N
∑
k
(aˆk − bˆk)eık(2j),
k = 0,±2pi
N
,±4pi
N
, . . . ,±
(
pi
2 −
2pi
N
)
,
pi
2 ,
(13)
7such that aˆN+1 = aˆ1, with aˆk and bˆk fermionic operators. Again,
N/2∑
j=1
(
aˆ†2j−1aˆ2j−1 + bˆ
†
2j bˆ2j
)
=
∑
k
(
aˆ†kaˆk + bˆ
†
kbˆk
)
, (14)
and the total number of particles and parity are conserved by this transformation.
Similarly to the previous case, we may write the negative-parity Hamiltonian as
Hˆ−(even N/2) =
∑
0<k<pi/2
Aˆ†kHˆkAˆk +
1
2Aˆ
†
0Hˆ0Aˆ0 +
1
2Aˆ
†
pi
2
Hˆpi
2
Aˆpi
2
, (15)
where Aˆk and Hˆk are given by Eq. (9) and
Aˆ†0 =
[
aˆ0 aˆ
†
0 bˆ
†
0 bˆ0
]
, Aˆ†pi
2
=
[
aˆpi
2
aˆ†pi
2
bˆ†pi
2
bˆpi
2
]
,
Hˆ0 =

g + 1 0 0 δg
0 −(g + 1) −δg 0
0 −δg −(g − 1) 0
δg 0 0 g − 1

, Hˆpi
2
=

g 0 ı δg
0 −g −δg ı
−ı −δg −g 0
δg −ı 0 g

.
(16)
Therefrom, we can obtain the spectrum of Hˆ−(even N/2) by diagonalizing the matrices
Hˆk, Hˆ0, and Hˆpi2 . As we have seen before, Hˆk has eigenvalues ±±k [see Eq. (10)] and the
k \ {0, pi/2} part of the negative-parity Hamiltonian becomes
∑
0<k<pi2
Aˆ†kHˆkAˆk =
∑
−pi/2<k<pi/2
k 6=0
∑
ν=±
νk
(
γˆ†k,ν γˆk,ν − 1/2
)
. (17)
The eigenvalues of Hˆ0 are ±±0 , where ±0 = g ±
√
1 + δ2g . Defining g0 =
√
1 + δ2g , we
have
Aˆ†0Hˆ0Aˆ0 = (g + g0)(γˆ†0γˆ0 − γˆ0γˆ†0) + (g − g0)(ηˆ†0ηˆ0 − ηˆ0ηˆ†0), (18)
where
γˆ0 =
1√
2g0
(√
g0 + 1 aˆ0 +
√
g0 − 1 bˆ0
)
,
ηˆ0 =
1√
2g0
(√
g0 − 1 aˆ0 −
√
g0 + 1 bˆ0
)
,
are fermionic operators.
For Hˆpi
2
, the eigenvalues are ±±pi
2
, where ±pi
2
=
√
1 + g2 ± δg. Defining gpi2 =
√
1 + g2, we
have
Aˆ†pi
2
Hˆpi
2
Aˆpi
2
= (gpi
2
+ δg)(γˆ†pi
2
γˆpi
2
− γˆpi
2
γˆ†pi
2
) + (gpi
2
− δg)(ηˆ†pi
2
ηˆpi
2
− ηˆpi
2
ηˆ†pi
2
), (19)
8where
γˆpi
2
= 12√gpi
2
[√
gpi
2
− g
(
− aˆpi
2
+ bˆpi
2
)
+ ı
√
gpi
2
+ g
(
aˆ†pi
2
+ bˆ†pi
2
)]
,
ηˆpi
2
= 12√gpi
2
[
ı
√
gpi
2
− g
(
aˆpi
2
+ bˆpi
2
)
+
√
gpi
2
+ g
(
− aˆ†pi
2
+ bˆ†pi
2
)]
,
are again fermionic operators.
Therefore, Hˆ−(even N/2) may be written in the form
Hˆ−(even N/2) =
∑
−pi2<k<
pi
2
k 6=0
∑
ν=±
νk
(
γˆ†k,ν γˆk,ν − 1/2
)
+ 12
[
(g + g0)(γˆ†0γˆ0 − γˆ0γˆ†0) + (g − g0)(ηˆ†0ηˆ0 − ηˆ0ηˆ†0)
]
+ 12
[
(gpi
2
+ δg)(γˆ†pi
2
γˆpi
2
− γˆpi
2
γˆ†pi
2
) + (gpi
2
− δg)(ηˆ†pi
2
ηˆpi
2
− ηˆpi
2
ηˆ†pi
2
)
]
.
(20)
In order to determine the ground state of Hˆ−(even N/2) we need to remember that it
must have a negative parity. This means we ought to have an odd number of excited modes
in it [13]. The lowest energy is obtained when we have an η particle in mode 0 and all other
modes are empty (see Appendix A). The ground-state energy of Hˆ−(even N/2) is hence given
by
−(even N/2) = −12
∑
−pi/2<k<pi/2
k 6=0
(+k + −k )−
√
1 + g2 −
√
1 + δ2g . (21)
C. Positive parity subspace and odd N/2
In this case we use the same Fourier transformation (6) but with momenta
k = ± pi
N
,±3pi
N
,±5pi
N
, . . . ,±
(
pi
2 −
2pi
N
)
,
pi
2 . (22)
The positive parity Hamiltonian then becomes
Hˆ+(odd N/2) =
∑
0<k<pi/2
Aˆ†kHˆkAˆk +
1
2Aˆ
†
pi
2
Hˆpi
2
Aˆpi
2
, (23)
where Aˆk, Hˆk and Aˆpi2 , Hˆpi2 are given by Eqs. (9) and (16), respectively. In diagonal form,
Hˆ+(odd N/2) =
∑
−pi2<k<pi2
∑
ν=±
νk
(
γˆ†k,ν γˆk,ν − 1/2
)
+ 12
[
(gpi
2
+ δg)(γˆ†pi
2
γˆpi
2
− γˆpi
2
γˆ†pi
2
) + (gpi
2
− δg)(ηˆ†pi
2
ηˆpi
2
− ηˆpi
2
ηˆ†pi
2
)
]
.
(24)
9The ground-state is achieved when all modes γk,ν; pi2 and ηpi2 are empty and the ground
state energy in this case is
+(odd N/2) = −12
∑
−pi/2<k<pi/2
(+k + −k )−
√
1 + g2. (25)
D. Negative parity subspace and odd N/2
In this case the momenta appearing in the Fourier transformation are
k = 0,±2pi
N
,±4pi
N
, . . . ,±
(
pi
2 −
pi
N
)
. (26)
The negative parity Hamiltonian then becomes
Hˆ−(odd N/2) =
∑
0<k<pi/2
Aˆ†kHˆkAˆk +
1
2Aˆ
†
0Hˆ0Aˆ0, (27)
where again Aˆk, Hˆk and Aˆpi2 , Hˆpi2 are those in Eqs. (9) and (16), respectively. Written in
diagonal form,
Hˆ−(odd N/2) =
∑
−pi2<k<pi2
∑
ν=±
νk
(
γˆ†k,ν γˆk,ν − 1/2
)
+ 12
[
(g + g0)(γˆ†0γˆ0 − γˆ0γˆ†0) + (g − g0)(ηˆ†0ηˆ0 − ηˆ0ηˆ†0)
]
.
(28)
The ground state is achieved when all modes γk,ν; 0 are empty and the mode η0 is
occupied. The ground-state energy in this case is
−(odd N/2) = −12
∑
−pi/2<k<pi/2
k 6=0
(+k + −k )−
√
1 + δ2g . (29)
We are now in position to determine the ground-state energy of the whole Hamiltonian
by comparing the ground-state energies of the positive- and negative-parity subspaces in the
next section.
III. GROUND STATE AND GAP ANALYSIS
Let us expand ±k in the Fourier series +k =
∑∞
l=0 ul cos(2kl) and −k =
∑∞
l=0 vl cos(2kl).
After some manipulations (see Appendix B) we get
∆ = sign
[
(g2 − δg)N2
]
Θ
(
|δg| −
√
1 + g2
)(
|δg| −
√
1 + g2
)
+ Θ
(
|g| −
√
1 + δ2g
)(
|g| −
√
1 + δ2g
)
− N2
∞∑
n=0
(
u(2n+1)N/2 + v(2n+1)N/2
)
,
(30)
10
where ∆ = − − +, Θ(x) is the Heaviside step function, and sign(x) = x/|x|. This equation
holds for any N even and for any g and δg.
In order to determine the sum in Eq. (30), we note that +k + −k =
√
(+k + −k )2, and,
therefore,
ul + vl =
2
pi
∫ pi
2
−pi2
dk cos(2kl)(+k + −k )
=
√
2
pi
∫ pi
−pi
dk cos(kl)
[
1 + g2 + δ2g +
√
sin2 k +
[
(g2 − δ2g)− cos k
]2] 12
,
where we changed variables from 2k to k in the last equality.
The cases g2 − δ2g = 0, |g2 − δ2g | = 1, and 0 6= |g2 − δ2g | 6= 1 must be treated separately.
For the latter we introduce z = eık to obtain
ul + vl = − ı
√
2
pi
∮
|z|=1
dzzl−1
1 + g2 + δ2g +
√
[z − (g2 − δ2g)][1− (g2 − δ2g)z]
z

1
2
. (31)
To solve this integral, we first consider 0 < g2 − δ2g < 1. Then we make branch cuts
along (0, g2 − δ2g) ∪ (1/(g2 − δ2g),∞) (see Fig. 2) and by deforming the integration contour,
we get
FIG. 2. Illustration of the branch cuts and integration path used to obtain Eq. (32).
ul + vl =
ı2
√
2
pi
∫ 1
0
dt(g2 − δ2g)lt2l−1
(√
Z(t)−
√
Z(t)
)
,
where Z(t) = 1 + g2 + δ2g + ı
√
(1− t2)[1− (g2 − δ2g)2t2]/t2, and Z(t) is its complex conjugate.
11
Since Re(Z) > 0 and Im(Z) > 0,
√
Z(t)−
√
Z(t) = ı
√
2
√
|Z| − Re(Z). Therefore,
ul + vl = − 4
pi
(g2 − δ2g)l×
∫ 1
0
dt t2l−1
√(1− t2)[1− (g2 − δ2g)2t2]
t2
+ (1 + g2 + δ2g)2 − (1 + g2 + δ2g)
 12 . (32)
For the other ranges of parameters, we follow the same procedure and derive very
similar results. For −1 < g2 − δ2g < 0 we get almost identical coefficients, with only the roles
of g2 and δ2g interchanged: g2 ↔ δ2g . In the case that g2 − δ2g > 1, the coefficients will be
the same except for the substitution of (g2 − δ2g)l by 1/(g2 − δ2g)l outside the integral and of
[1− (g2 − δ2g)2t2] by [(g2 − δ2g)2 − t2] inside the square root in the integrand of Eq. (32). In
contrast, for g2 − δ2g < −1, the coefficients differ from the ones for g2 − δ2g > 1 again just by
the switch between g2 and δ2g .
Next we consider the particular cases g2 − δ2g = 0 and g2 − δ2g = ±1. In the case of the
latter, we only take limits of g2 − δ2g → ±1 in Eq. (32) and in the set of equations obtained
from it according to the instructions in the preceding paragraph. For the former case we have
ul + vl = (2/pi)
∫ pi
−pi dk cos(kl)
√
1 + (g2 + δ2g)/2 = 4
√
1 + (g2 + δ2g)/2δl,0 and therefore the sum
in Eq. (30) vanishes.
Using these results for the coefficients ul + vl in the sum in Eq. (30) and that
∑∞
n=0 x
n =
1/(1− x), we may summarize the gap between positive- and negative-parity ground states as
∆ = 12(g
2 − δ2g)
N
2
∫ 1
0
dt tN−1
1− (
√
|g2 − δ2g |t)2N
4N
pi
×
×
√(1− t2)[1− |g2 − δ2g |2t2]
t2
+ (1 + g2 + δ2g)2 − (1 + g2 + δ2g)
 12 for |g2 − δ2g | < 1,
(33)
∆ = sign
[
(g2 − δg)N2
]
Θ
(
|δg| −
√
1 + g2
)(
|δg| −
√
1 + g2
)
+ Θ
(
|g| −
√
1 + δ2g
)(
|g| −
√
1 + δ2g
)
+ 1
2(g2 − δ2g)
N
2
∫ 1
0
dt tN−1
1− (t/
√
|g2 − δ2g |)2N
4N
pi
×
√(1− t2)[|g2 − δ2g |2 − t2]
t2
+ (1 + g2 + δ2g)2 − (1 + g2 + δ2g)
 12 for |g2 − δ2g | > 1,
(34)
∆ = sign
[
(g2 − δ2g)
N
2
]1
2
∫ 1
0
dt 4N
pi
tN−3/2
1− t2N
√√
(1− t2)2 + (2G2t)2 − 2G2t,
(35)
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where G2 = g2 for g2 − δ2g = 1, G2 = δ2g for g2 − δ2g = −1, and
∆ = 0 , for g2 − δ2g = 0. (36)
The exact degeneracy in Eq. (36) is explained by a the symmetry acquired by the
Hamiltonian (1) when g2 = δ2g . When δg = g, the transverse field vanishes in even sites
and we have [Hˆ, σx2j] = 0. However, this operator anticommutes with the parity operator:
Pˆ σx2j = −σx2jPˆ . Therefore, for a state with definite parity p and eigenenergy E0, |p, E0〉, we
have Hˆ(σx2j|p, E0〉) = E0(σx2j|p, E0〉) and Pˆ (σx2j|p, E0〉) = −p(σx2j|p, E0〉). Then, if |p, E0〉 is
observed to be a ground state of the Hamiltonian, the state with opposite parity, σx2j|p, E0〉,
is also a possible ground state. In the case that δg = −g, the transverse field vanishes in odd
sites and [Hˆ, σx2j+1] = 0 while Pˆ σx2j+1 = −σx2j+1Pˆ , which leads to this same degeneracy.
Expressions (33)-(35) allow us to conclude that the Hamiltonian (1) always has a
positive-parity ground state, except for when g2− δ2g < 0 and N/2 is odd. Thus, for N/2 even,
the ground-state energy is given by equation Eq. (12). When N/2 is odd, the ground-state
energy is given by Eq. (25), if g2 > δ2g , or by Eq. (29), if g2 < δ2g .
We notice that in the paramagnetic phase (34), the gap is always manifest, meaning
that it does not close in the thermodynamic limit N →∞. On the other hand, Eqs. (35) and
(33) are bounded by functions of N , as we show in the sequence.
In the case of Eq. (35), taking from now on the parity of the ground state to always
be positive (for the negative parity ground state all relations below hold with the switch
∆→ −∆), we have (see Appendix C)
1
2
√
G2
[
tan
(
pi
4N
)
+ pi12N
]
6 ∆ 6 tan
(
pi
4N
)
. (37)
This shows that, when N is large,
∆ = O(1/N), for |g2 − δ2g | = 1. (38)
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In the case of the so-called Ising phase (33), we have again (see Appendix C)
1
2
√
2(1 + g2 + δ2g)
max
|g2 − δ2g |N2 2√pi
√
1− |g2 − δ2g |√
N
, |g2 − δ2g |
N
2
4
√
|g2 − δ2g |
piN

6 ∆ 6
√
2(1 + |g2 − δ2g |)
2
|g2 − δ2g |N2 pi
√
|g2 − δ2g |
2N − 1 + |g
2 − δ2g |
N
2 2
√
1− |g2 − δ2g |√
N − 1
.
(39)
These results allow us to conclude that the gap in the Ising phase is exponentially small in N
and vanishes in the thermodynamic limit, as one would expect from the results in Ref. [14].
Furthermore, in Ref. [22] the authors stated that there is a relation between the gap and
correlation length for this type of system of the kind ∆ ∼ exp(−N/ξ). This result and the
similarity of the content of Eq. (39) to that in Eq. (18), as well as the discussion following it
in Ref. [13], suggest that the correlation length of the model is given by
ξ ∼ 1/| ln |g2 − δ2g ||. (40)
We state that this relation is suggested because, to our knowledge, it is not mathematically
established under what conditions the aforementioned relation between the gap and correlation
length is valid.
The behavior of the correlation length of this model in the vicinity of several critical
points was investigated in Ref. [15]. There, the authors found that for δg = 1, quantum phase
transition points occur at g∗ = 0 and g∗ =
√
2 and that the correlation length dependence on
g around these points was given by ξ ∼ 1/g2 and ξ ∼ 1/|√2− g|, respectively. Using δg = 1
in Eq. (40), we get ξ ∼ 1/| ln |g2 − 1||. Expanding this function around 0, for g → 0, and
around
√
2, for g → √2, we get precisely the results stated above for the dependence of the
correlation length of the model on the applied field. This also advocates for the suggestion of
this relation.
From this we may conclude that, as in the homogeneous case, when ξ  N , the gap
closes as ∆ = O(exp(−N/ξ)/√N). While, when ξ > N , the gap closes as ∆ = O(1/N), in
the same way as in the critical behavior.
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IV. CONCLUSION
In this work we have studied the finite-size spin-1/2 quantum Ising model with a period-2
alternating transverse field. Similarly to its homogeneous counterpart, this model exhibits
quantum phase transitions, with the distinction that the number and positions of the quantum
phase transition points are depended on the transverse field modulation. We showed that
the Hamiltonian for such a model may be broken into two orthogonal subspaces containing
an even or odd number of quasiparticles introduced by a Jordan-Wigner transformation or,
equivalently, containing an even or odd number of down spins. We determined the ground-state
energy for each subspace separately and then derived closed-form expressions for the energy
gap between them. Therefrom, we obtained the ground-state energy for the whole Hamiltonian
and analyzed the dependence of the gap on the system size in the different quantum phases
and in the quantum phase transition. We see that, in general, the results are analogous to
those found for the model’s homogeneous counterpart. Furthermore, we suggested a general
expression for the correlation length of this model in terms of the transverse field. The relation
suggested is consistent with previous results found for the behavior of the correlation length
in the vicinity of the distinct critical points characterized by different critical exponents that
emerge in this system. We stress that, although in principle this quantity could be analytically
calculated this has not yet been done.
ACKNOWLEDGEMENTS
We acknowledge financial support from the Brazilian agencies Conselho Nacional de
Desenvolvimento Científico e Tecnológico (CNPq) and Coordenação de Aperfeiçoamento de
Pessoal de Nível Superior (CAPES).
Appendix A: Negative Parity Ground State
Here we show that the ground-state energy of the negative-parity subspace is truly the
one in Eq. (21). We ought to have an odd number of excited modes in such a ground state
[13]. If the excited mode is in the k \ {0, pi/2} part of Hˆ−(even N/2), supposing it is in the
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mode (k′ ,−) that gives the lowest value of −k , the global state may be written as
|Ψ−1 〉 =
∏
k>k′
|0〉k ⊗ |01〉k′ ⊗
∏
0<k<k′
|0〉k ⊗ |0〉0, pi2 (A1)
where |0〉k is given by Eq. (11), |01〉k′ = γ†k′ ,−|0〉k1 and |0〉0,pi2 = |0〉0 ⊗ |0〉pi2 is the state
annihilated by all operators xˆn, for x = γ, η and n = 0, pi2 . Its energy will be given by
E1 = −12
∑
−pi/2<k<pi/2
k 6=0,k′
(+k + −k )−
1
2
+
k′ +
1
2
−
k′ − g − gpi2 . (A2)
We note that this is the lowest energy possible for such a ground state, since +
k′ > 
−
k′ , and
exciting other modes would only increase the energy.
Otherwise, if the excited mode(s) are in the {0, pi/2} part of Hˆ−(even N/2), the global
state will be given by
|Ψ−2 〉 =
∏
k>0
|0〉k ⊗ |ψ〉0,pi2 , (A3)
with |ψ〉0,pi2 one of the possibilities{
|1000〉, |0100〉, |1011〉, |0111〉, |0010〉, |0001〉, |1110〉, |1101〉
}
, (A4)
where
|1000〉 = γ†0|0〉0,pi2 , |0100〉 = η
†
0|0〉0,pi2 ,
|0010〉 = γ†pi
2
|0〉0,pi2 , |0001〉 = η
†
pi
2
|0〉0,pi2 .
(A5)
In terms of modes a and b, we have
|0〉0 = |0〉a0|0〉b0,
|1000〉 = 1√2g0
(√
g0 + 1 |1〉a0|0〉b0 +
√
g0 − 1 |0〉a0|1〉b0
)
⊗ |0〉pi
2
,
|0100〉 = 1√2g0
(√
g0 − 1 |1〉a0|0〉b0 −
√
g0 + 1 |0〉a0|1〉b0
)
⊗ |0〉pi
2
,
|1100〉 = |1〉a0|1〉b0 ⊗ |0〉pi2
(A6)
and
|0〉pi
2
= 1√
2gpi
2
(√
gpi
2
− g + ı
√
gpi
2
+ g aˆ†pi
2
bˆ†pi
2
)
|0〉api
2
|0〉bpi
2
,
|0010〉 = |0〉0 ⊗ 1√2
(
|0〉api
2
|1〉bpi
2
− |1〉api
2
|0〉bpi
2
)
,
|0001〉 = |0〉0 ⊗ −ı√2
(
|0〉api
2
|1〉bpi
2
+ |1〉api
2
|0〉bpi
2
)
,
|0011〉 = |0〉0 ⊗ 1√2gpi
2
(√
gpi
2
+ g − ı
√
gpi
2
− g aˆ†pi
2
bˆ†pi
2
)
|0〉api
2
|0〉bpi
2
,
(A7)
1 The 0 in |01〉k′ is to indicate that the modes (±k
′
,+) and (−k′ ,−) are empty.
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where xˆn|0〉xn = 0 and |1〉xn = xˆ†n|0〉xn, with n = 0, pi2 and x = a, b. This confirms that the
states in Eq. (A4) belongs to the negative parity subspace.
We set Hˆ0,pi2 equal to
Hˆ0,pi2 =
1
2
[
+pi
2
(γˆ†pi
2
γˆpi
2
− γˆpi
2
γˆ†pi
2
) + −pi
2
(ηˆ†pi
2
ηˆpi
2
− ηˆpi
2
ηˆ†pi
2
) + +0 (γˆ
†
0γˆ0− γˆ0γˆ†0) + −0 (ηˆ†0ηˆ0− ηˆ0ηˆ†0)
]
, (A8)
where we recall that ±0 = g ± g0 and ±pi2 = gpi2 ± δg. Thus, we have
Hˆ0,pi2 |0010〉 = (δg − g)|0010〉, Hˆ0,pi2 |0001〉 = −(g + δg)|0001〉,
Hˆ0,pi2 |1110〉 = (g + δg)|1110〉, Hˆ0,pi2 |1101〉 = −(δg − g)|1101〉,
Hˆ0,pi2 |1000〉 = (g0 − gpi2 )|1000〉, Hˆ0,pi2 |0100〉 = −(g0 + gpi2 )|0100〉,
Hˆ0,pi2 |1011〉 = (g0 + gpi2 )|1011〉, Hˆ0,pi2 |0111〉 = (−g0 + gpi2 )|0111〉.
(A9)
Among all these possibilities, the one with the lowest energy is the state |0100〉 - i.e. the
state in which there is an η particle in mode 0 while all others are empty. Therefore, the
ground-state energy would be
E2 = −12
∑
−pi/2<k<pi/2
k 6=0
(+k + −k )− g0 − gpi2 . (A10)
Now, using that g0 =
√
1 + δ2g ,
E2 − E1 = −g0 − gpi2 − −k′ + g + gpi2 = −(
√
1 + δ2g − g)− −k′ . (A11)
We have that
d
dk
−k =
1
2−k
(g2 − δ2g) sin(2k)√
g2δ2g + g2 cos2 k + δ2g sin2 k

> 0, if k > 0
< 0, if k < 0
and g2 > δ2g , (A12)
which means that −k has a global minimum at k = 0, for g2 > δ2g , and then2
g −
√
1 + δ2g − −k′ =
∣∣∣|g| −√1 + δ2g ∣∣∣− −k′ = −k=0 − −k′ < 0, for g > √1 + δ2g ∧ ∀k′ ,
− (
√
1 + δ2g − g)− −k′ < 0, for g 6
√
1 + δ2g ∧ ∀k
′
.
(A13)
Hence, E2 < E1, ∀g, δg and the ground-state energy of Hˆ−(even N/2) is given by Eq.
(21).
2 Note that we explicitly have ±0 6= ±k=0 and ±pi2 6= 
±
k=pi2
.
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Appendix B: Gap
The Fourier coefficients in the series expansions of ±k are given by
ul =
2
pi
∫ pi
2
−pi2
dk cos(2kl)+k , vl =
2
pi
∫ pi
2
−pi2
dk cos(2kl)−k . (B1)
This way, using also that ±−k = ±k ,
+(even N/2) = −
∞∑
l=0
(ul + vl)
∑
0<k<pi/2
k=(2n+1)pi/N
cos(2kl),
+(odd N/2) = −
∞∑
l=0
(ul + vl)
∑
0<k<pi/2
k=(2n+1)pi/N
cos(2kl)−
√
1 + g2,
−(even N/2) = −
∞∑
l=0
(ul + vl)
∑
0<k<pi/2
k=2npi/N
cos(2kl)−
√
1 + g2 −
√
1− δ2g ,
−(odd N/2) = −
∞∑
l=0
(ul + vl)
∑
0<k<pi/2
k=2npi/N
cos(2kl)−
√
1 + δ2g .
(B2)
In the positive-parity subspace,
∑
0<k<pi/2
cos(2kl) =

N
4 (−1)nδl,nN/2 for N/2 even
N
4 (−1)nδl,nN/2 − 12(−1)l for N/2 odd,
n ∈ N. (B3)
where we made use of the relation ∑m−1s=0 cos(x+ sy) = cos[x+ (m− 1)y/2] sin(my/2) csc(y/2)
and
lim
x→nN/2
1
2
sin(pix)
sin(2pix/N) = δl,nN/2
N
4 ×

(−1)n for N/2 even
1 for N/2 odd,
with n ∈ N. (B4)
Thus,
+(even N/2) =− N4
[(
u0 + v0
)
−
(
uN/2 + vN/2
)
+
(
uN + vN
)
−
(
u3N/2 + v3N/2
)
+ . . .
]
;
+(odd N/2) =− N4
[(
u0 + v0
)
−
(
uN/2 + vN/2
)
+
(
uN + vN
)
−
(
u3N/2 + v3N/2
)
+ . . .
]
+ 12
[(
u0 − u1 + u2 − u3 + . . .
)
+
(
v0 − v1 + v2 − v3 + . . .− 2
√
1 + g2
)]
.
(B5)
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Likewise, in the negative-parity subspace,
∑
0<k<pi/2
cos(2kl) =

N
4 δl,nN/2 − δl,2n for N/2 even
N
4 δl,nN/2 − 12 for N/2 odd,
with n ∈ N. (B6)
Thus,
−(even N/2) =− N4
[(
u0 + v0
)
+
(
uN/2 + vN/2
)
+
(
uN + vN
)
+
(
u3N/2 + v3N/2
)
+ . . .
]
+
(
u0 + u2 + u4 + . . .−
√
1 + δ2g
)
+
(
v0 + v2 + v4 + . . .−
√
1 + g2
)
,
−(odd N/2) =− N4
[(
u0 + v0
)
+
(
uN/2 + vN/2
)
+
(
uN + vN
)
+
(
u3N/2 + v3N/2
)
+ . . .
]
+ 12
[(
u0 + u1 + u2 + u3 + . . .− 2
√
1 + δ2g
)
+
(
v0 + v1 + v2 + v3 + . . .
)]
.
(B7)
However,
+k=0 =
∞∑
l=0
ul cos(0) = u0 + u1 + u2 + u3 + . . . =
∣∣∣∣|g|+√1 + δ2g ∣∣∣∣,
+k=pi2
=
∞∑
l=0
ul cos(pil) = u0 − u1 + u2 − u3 + . . . =
∣∣∣∣|δg|+√1 + g2∣∣∣∣,
−k=0 =
∞∑
l=0
vl cos(0) = v0 + v1 + v2 + v3 + . . . =
∣∣∣∣|g| −√1 + δ2g ∣∣∣∣,
−k=pi2 =
∞∑
l=0
vl cos(pil) = v0 − v1 + v2 − v3 + . . . =
∣∣∣∣|δg| −√1 + g2∣∣∣∣.
(B8)
Hence,
(
u0 + u2 + u4 + . . .−
√
1 + δ2g
)
+
(
v0 + v2 + v4 + . . .−
√
1 + g2
)
= 12
(∣∣∣∣|g|+√1 + δ2g ∣∣∣∣+ ∣∣∣∣|g| −√1 + δ2g ∣∣∣∣)−√1 + δ2g
+ 12
(∣∣∣∣|δg|+√1 + g2∣∣∣∣+ ∣∣∣∣|δg| −√1 + g2∣∣∣∣)−√1 + g2
= Θ
(
|g| −
√
1 + δ2g
)(
|g| −
√
1 + δ2g
)
+ Θ
(
|δg| −
√
1 + g2
)(
|δg| −
√
1 + g2
)
(B9)
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and
(
u1 + u3 + u5 + . . .−
√
1 + δ2g
)
+
(
v1 + v3 + v5 + . . .+
√
1 + g2
)
=
= 12
(∣∣∣∣|g|+√1 + δ2g ∣∣∣∣+ ∣∣∣∣|g| −√1 + δ2g ∣∣∣∣)−√1 + δ2g
− 12
(∣∣∣∣|δg|+√1 + g2∣∣∣∣+ ∣∣∣∣|δg| −√1 + g2∣∣∣∣)+√1 + g2
= Θ
(
|g| −
√
1 + δ2g
)(
|g| −
√
1 + δ2g
)
−Θ
(
|δg| −
√
1 + g2
)(
|δg| −
√
1 + g2
)
,
(B10)
where Θ(x) =

1, if x > 0
0, if x < 0
is the Heaviside step function. Thence, subtracting Eq. (B5)
from Eq. (B7) and using Eqs. (B9) and (B10), we obtain Eq. (30).
Appendix C: Bounds
Here we show how one gets Eqs. (37) and (39). We start with the former. We assume
the parity of the ground state to be positive, but all relations derived here hold in the case of
a ground state with negative parity with the change ∆→ −∆.
We first observe that Eq. (35) may be rewritten as
∆ = 12
∫ 1
0
dt 4N
pi
tN−3/2
1− t2N
1− t2√√
(1− t2)2 + (2G2t)2 + 2G2t
. (C1)
The function f(t) =
√√
(1− t2)2 + (2G2t)2 + 2G2t is monotonically increasing in the interval
t ∈ [0, 1] for G2 > 1 and hence
1
4
√
G2
∫ 1
0
dt 4N
pi
tN−3/2(1− t2)
1− t2N 6 ∆ 6
1
2
∫ 1
0
dt 4N
pi
tN−3/2(1− t)
1− t2N , (C2)
where we also used that 1 − t2 6 1 − t to obtain the result on the right-hand side of the
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inequality. We have that∫ 1
0
dt 4N
pi
tN−3/2(1− t)
1− t2N = 2 tan
( pi
4N
)
, and
∫ 1
0
dt 4N
pi
tN−1/2(1− t)
1− t2N =
2
pi
[
ψ(0)
(1
2 +
3
4N
)
− ψ(0)
(1
2 +
1
4N
)]
= 1
piN
∞∑
n=0
1
(n+ 12 +
3
4N )(n+
1
2 +
1
4N )
>
1
piN
∞∑
n=0
1
(n+ 1)2 =
pi
6N ,
(C3)
where ψ(0)(z) = d
dz
ln Γ(z) is the digamma function [23]. This leads directly to Eq. (37).
To derive the inequality (39) we closely follow the arguments in Appendix A of Ref.
[13]. We have that
∆ > −N2
(
uN/2 + vN/2
)
= 12 |g
2 − δ2g |
N
2∫ 1
0
dt 4N
pi
tN−3/2
[√
(1− t2)(1− |g2 − δ2g |2t2) + (1 + g2 + δ2g)2t2 − (1 + g2 + δ2g)t
] 1
2
=
∫ 1
0
dt
pi
tN−3/2 2N |g2 − δ2g |
N
2
√
(1− t2)(1− |g2 − δ2g |2t2)[√
(1− t2)(1− |g2 − δ2g |2t2) + (1 + g2 + δ2g)2t2 + (1 + g2 + δ2g)t
] 1
2
.
(C4)
The function in the denominator of the above integral is monotonically increasing in the
interval t ∈ [0, 1] and hence
∆ > 1
2
√
2(1 + g2 + δ2g)
|g2 − δ2g |
N
2
∫ 1
0
dt 4N
pi
tN−3/2
√
(1− t2)(1− |g2 − δ2g |2t2)
> 1
2
√
2(1 + g2 + δ2g)
|g2 − δ2g |
N
2
∫ 1
0
dt 4N
pi
tN−3/2
√
(1− t)(1− |g2 − δ2g |t),
(C5)
where we used that
√
(1 + t)(1 + |g2 − δ2g |t) > 1 in the last inequality. This integral is identical
to the one appearing in Ref [13] in the calculation made in Appendix A for the lower bound
for the ferromagnetic gap, with the change of the parameter g there by |g2−δ2g |
1
2 here. Thence,
we just replicate their result here to get
∆ > 1
2
√
2(1 + g2 + δ2g)
max
|g2 − δ2g |N2 2√pi
√
1− |g2 − δ2g |√
N
,
|g2 − δ2g |
N
2
4
√
|g2 − δ2g |
piN
.
(C6)
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For the upper bound,
∆ = −N2
∞∑
n=0
(
u(2n+1)N/2 + v(2n+1)N/2
)
=
∞∑
n=0
∫ 1
0
dt
pi
t(2l+1)N−3/2 2N |g2 − δ2g |
(2l+1)N
2
√
(1− t2)(1− |g2 − δ2g |2t2)[√
(1− t2)(1− |g2 − δ2g |2t2) + (1 + g2 + δ2g)2t2 + (1 + g2 + δ2g)t
] 1
2
6
√
1 + |g2 − δ2g |
2
∞∑
n=0
|g2 − δ2g |
(2l+1)N
2
∫ 1
0
dt 4N
pi
t(2l+1)N−3/2
√
(1− t)(1− |g2 − δ2g |t),
(C7)
where we used the monotonicity of the function in the denominator of the integral in the
second equality and that
√
(1 + t)(1 + |g2 − δ2g |t) 6
√
2(1 + |g2 − δ2g |) to obtain the following
inequality. Again, the sum appearing in this last line is identical to the one in Appendix A of
Ref. [13] in the calculation of the upper bound of the ferromagnetic gap of the Ising model
with |g2 − δ2g |
1
2 replacing the role of the parameter g. Using the result found there,
∆ 6
√
1 + |g2 − δ2g |
2
|g2 − δ2g |N2 pi
√
|g2 − δ2g |
2N − 1 + |g
2 − δ2g |
N
2 2
√
1− |g2 − δ2g |√
N − 1
. (C8)
Combining Eqs. (C6) and (C8), we obtain Eq. (39).
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